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In the theory of bases for locally convex spaces, the absolute bases are 
particularly well adapted to the study of nuclear Frechet spaces. It was 
indeed proved by Mitiagin [14] that in a nuclear Frechet space every basis 
is absolute, while Pietsch [ 161 p roved that a Frechet space E with an absolute 
basis is nuclear if and only if the corresponding sequence of coefficient 
functionals is an absolute basis in E,'. 
The notion of nuclearity as well as the notion of absolute basis are closely 
related to the sequence space 1’. Moreover, the notion of nuclearity has been 
successfully extended to the notion of A-nuclearity, replacing I1 by an abstract 
sequence space A. It is therefore reasonable to extend the notion of absolute 
basis to that of A-basis and to investigate how far theorems of the Mitiagin 
and Pietsch type exist in the generalized theory. 
In this direction, positive results have been obtained by Rosenberger and 
Schock [IO, 19, 211 for the case of v-absolute bases and p-absolute bases 
(1 <p < 00). 
Following the same basic idea, Dubinsky and Ramanujan [7] introduced 
A(a)-bases for locally convex spaces, /l(a) being a power series space of 
infinite type. Their results show that the analogy with the classical theory 
is not as striking as one expected it to be. 
In this paper we study locally convex spaces having a A-basis, A being 
any perfect sequence space. We introduce in fact the notions of A-basis and 
A-absolute basis. We first prove (Section 1) some sufficient conditions for a 
A-basis to be a A-absolute basis and we give some examples (Section 2). 
Next (Section 3) we consider the “weak basis problem” for A-bases. In 
Section 4 we investigate the relations between the statements “E has a 
A-basis” and "EB' has a A-basis.” Finally (Section 5), we show how the 
existence of a A-basis is related to the A-nuclearity of the space. Applying 
our results to the case where A is a power series space, we obtain some new 
results in this field as well. 
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All the classical properties, notions, and notations concerning locally 
convex spaces, as well as the elementary theory of sequence spaces will be 
taken from [I 11. They will be used without any further reference. The same 
will be done as far as nuclear spaces are concerned; here we refer to [15]. 
Throughout the paper, LI will denote a perfect sequence space. On L’I (and 
dually on its Kothe dual space Ax), we consider the normal topology deter- 
mined by the dual pair ((1, Ax). E will denote a locally convex, sequentially 
complete, Hausdorff space, the topology of which is determined by a family 
9 of seminorms. 
The generalized sequence spaces cl(E) and A[E] are defined as follows: 
and 
d(E) = {(xi) 1 xi E E and (p(x,)) E (1, Vp E a} 
d[E] = {(*vi) /xi E E and ((xi, a>) E (1, Va E E’}. 
A subset B of A(E) is said to be bounded if for each p E 8, the set 
is bounded in LI. For a normal bounded subset R of (1 and a closed absolutely 
convex, bounded subset D of E, define: 
[R, Dl = ((4 I (4 E 4% xi E ED and (II xi lld E 4. 
(E, is the Banach space associated to E corresponding to D.) Then the space 
E is said to be fundamentally cl-bounded if the collection of all [R, D] forms 
a fundamental system of bounded sets in A(E). (For examples of fundament- 
ally cl-bounded spaces, refer to [20].) 
An operator (i.e., a continuous linear mapping) from E to (1 is said to be 
an operator of A-type if it can be written as 
with (a,) E JE,‘); see [3]. 
If X and Y are Banach spaces, an operatorffrom X to Y is called cl-nuclear 
if f can be written as 
with (hi) E (1, (aJ bounded in x’ and (ri) E /lx[Y]. 
A locally convex space E is called n-nuclear if for every barreled zero- 
neighborhood U in E there is a barreled zero-neighborhood V C U such that 
the canonical mapping vV,LV: 8, --f 8, is A-nuclear. 
A sequence (xi) in E is said to be a Schauder basis for E if every element x 
of E can be written uniquely as .1c = xi olixi and if the coefficient functionals 
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fk: x + 01~ are continuous. The basis (xi) is said to be shrinking if the sequence 
(fJ is a Schauder basis for E,‘. The basis (xi) is said to be boundedly complete 
if xi mixi converges in E whenever the sequence (Cy=, CY~Z& is bounded in E. 
The basis (xi) is called equicontinuous if the sequence of partial sum opera- 
tors (S,), where S,(X) = CL1 (,x, fi> xi is equicontinuous. 
If E has a Schauder basis, it can be identified with the sequence space 
A, = j(cdJ 1 T mixi converges in J?/ , 
while E’ can be identified with the sequence space 
converges weakly in E’ 
The basis (xi) is said to be a bounded multiplier basis if the sequence space 
AE is normal. 
If E has a bounded multiplier basis, a locally convex topology on E can be 
determined by the seminorms p, (a E E’) as follows: 
We will call it the normal topology on E. 
Finally, we recall the definition of a power series space. Let cy. = (ai) 
be a nondecreasing sequence of nonnegative real numbers with lim, 0~~ = co 
and such that there exists an R > 1 with xi R-ai < to. The sequence space 
is then called a power series space of infinite type. 
Let JI = (ai) be a nondecreasing sequence of nonnegative real numbers with 
lim, (Y~ = KJ and such that x.i R-Q < co for all 0 < R < 1. Then the 
sequence space 
44 = j(A) 1 x I Pi I R”’ <Co,O<R<l 
i 
z I 
is called a power series space of finite type. 
Equipped with the topology determined by the seminorms 
PR(B) = 1 I Pi I R”i, 
the spaces &(cx) and A,(a) are nuclear Frechet spaces. The topology on both 
spaces as well as on their strong duals Am”(~) and Aix(o~) is the normal 
topology of the corresponding dual pair. 
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1. DEFINITIONS 
Let (xi ,,fJ be a Schauder basis for E. Then: 
1. (xi) is a A-basis if for all x E E and all p E 9, the sequence 
(<XT fi> P(4) 
is an element of (1. 
2. (si) is a A-absolute basis if it is a A-basis and if for all p E 9 the 
mapping 
,,:E~fl:x-t((.T,fi)p(xi)) 
is continuous; i.e., if for allp E S and all /3 E Ax there exists a 4 E 9’ such that 
1 I P-i I b fi?l PC4 < q(x), 
for all x E E. 
3. (xJ is a weak A-basis (resp. a weak A-absolute basis) if it is a A-basis 
(resp. a A-absolute basis) for the weak topology on E. 
Remark. For A = P, we obtain the current definitions of absolute bases 
in locally convex spaces. 
For A = Am(~), Definition 2 produces the notion of cl(a)-basis studied 
in [7]. 
LEMMA 1. Suppose E’ is weakly sequentially complete. If (xi) is a A-basis 
for E, then for all /3 E AX and all p E 9, there exists a E E’ such that 
(xi , a> = fl,p(xJ, i = 1, 2,.... 
Proof. Since (xi) is a A-basis we have 
(-4 1 I Pi I I(%fi?I P(-Q> < 03, V/3EEX, VJX E E, Vp E 8. 
z 
Now identify E with the sequence space 
CL = {(<x,fi>) I x E 0 
Then (see (8)) E’ can be identified with 
p0 = 
1 
(bi) 1 C csiyi converges for all y E p . 
2 1 
This identification is given by 
aEE’tt((xi,a))E,u6. 
Now (x) means that (pip(xi)) E ~8, which proves the lemma. 
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LEMMA 2. Suppose E’ is weakly sequentially complete. 
(i) If(xi) is a A-basisjor E, th en or all p E g, the mapping ya is weakly j 
continuous. 
(ii) If (xi) is a bounded multiplier A-basis for E, then for all p E B the 
mapping vs is continuous for the normal topology on E. 
Proof. (i) Take /3 E Ax and let qe stand for the corresponding seminorm 
for the weak topology on A. Take further p E 9. 
Then, by Lemma 1, there is an element a E E’ such that 
f(si , a> = /3,p(xJ, i = 1, 2,.... 
Thus, if p, denotes the corresponding seminorm for the weak topology on E, 
we obtain 
%o?b(“)) = 1 F B&./2 PC%) / = P&9, 
which proves (i). 
(ii) is proved in the same way. 
PROPOSITION 1. If the topology on E is the Mackey topology r(E, E’) and E’ 
is uleakly sequentially complete, then every A-basis for E is a A-absolute basis. 
Proof. We have to prove that for all p E B the mapping vD is continuous. 
Since E has the Lackey topology, this is an immediate consequence of 
Lemma 2(i). 
PROPOSITION 2. Suppose that E has a bounded multiplier basis (xi), that 
the topology on E is$ner than the normal topology and that E’ is zueakly sequen- 
tially complete. Then if (xi) is a A-basis, it is a A-absolute basis. 
Proof. This is, as above, an immediate consequence of Lemma 2(ii). 
2. EXAMPLES 
PROPOSITION 1. If A 3 I=, then every Schauder basis (xi) for E is a A-basis. 
Proof. Let 2 stand for the topology on E and let 2 denote the coarsest 
locally convex topology on E which is finer than 2 and for which the basis (xi) 
is equicontinuous (see [4]). 
The seminorms j5 determining this topology have the property that 
jyx) = sup j(S&)). 
,L 
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Moreover, since Z is finer than Z, there exists for all 4 E 9 a j such that 
q(x) <j(x) for all x E E. 
Then 
I cx, fi>l q(xJ < I::% fi>l acxi, z P(S,(x) - L(x)) d V(4. 
Consequently, the sequence (c<~,~f~fi) q(xJ is bounded, and hence, it is an 
element of fl. 
Remark. The proof of this proposition contains a generalization of a 
proposition of Mertins [13, p. 2241. 
As usual by (1 . d we denote the set 
PROPOSITION 2. The sequence (e,) is a A-basisfor A if and only if A * Ax CA. 
Proof. The sequence (eJ is a /I-basis for A if and only if for all 01 E Ax and 
all j? E A the sequence (piPa( = (pi 1 ai I) is an element of fl. 
It is easy to see that for power series spaces one has (see, e.g., [5, 181) 
/l,(a) . /lxx(a) = AZ(~) and (1i(a) * (lrx(a) = Al”(a). Therefore, we have 
COROLLARY. (i) (ej) is a A,(a)-basis and a &x(,)-basis for A=(a). 
(ii) (e,) is a A,(a)-basis and a Alx(or)-basis for ~$(a). 
3. THE WEAK BASIS PROBLEM 
LEMMA 1. Let (xi) be a A-basis for E. Then, for all a E E’ the mapping 
v,: E + A: x -+ ((x, fi> (xi, a>) exists and if E’ is weakly sequentially 
complete, each va is weakly continuous. 
Proof. Take a E E’ and let p E 9 be such that 1 (x, a>1 < p(x) for all 
x E E. Then the mapping (Pi exists by the normality of A. Moreover, as in the 
proof of Lemma 1.1, for each /3 E AX we can find an element b E E’ such that 
(xi, b) = fli<xi, a\, i = 1, 2,.... 
Then 
I(P)&), B>I = 1 T <-x,fij <.yi, a> A 1 = I<x, b)l , 
which proves the weak continuity of va . 
PROPOSITION 1. Every A-basis for E is a weak A-busis for E and it is a 
weak A-absolute basis whenever E’ is weakly sequentially complete. 
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Proof. This is an immediate consequence of the preceding lemma. 
The classical “weak basis problem” consists in the question whether 
every weak Schauder basis for E is a Schauder basis for E. The following 
positive answers are well known: 
(i) If E is a barreled space, then every weak Schauder basis for E is a 
Schauder basis for E (see [I]). 
(ii) Every weak, bounded multiplier Schauder basis for E is a Schauder 
basis for the Mackey topology on E (see [9]). 
We now investigate what can be said about these two cases if E has a weak 
A-basis. 
DEFINITION. A subset of fl is said to be simple if it is contained in the 
normal hull of an element of rl (see [12]). 
PROPOSITION 2. Suppose that in A all the bounded subsets are simple. Then, 
if E is barreled and weakly sequentially complete, every weak A-basis for E is a 
A-absolute basis for E. 
Proof. Since E is barreled, the weak basis (xi) is a basis for E and every 
A-basis for E is a rl-absolute basis (Proposition 1.1). So we still must prove 
that for every bounded subset B of E’ and for each x E E, the sequence 
is an element of fl. 
For each x E E we consider the mapping 
vr: E’ --f A: a --f ((:.x, fi) (xi , a)). 
This mapping exists because (xi) is a weak A-basis for E. Since E is weakly 
sequentially complete, we can apply the argument of Lemma 1 in order to 
obtain that each mapping plz is weakly continuous. Thus each set v,(B) 
is bounded in fl and by our assumption on A we have 
(sup 1(.X, fJ (xi , a)l) = (l<.x, fi:,l p,(ri)) E A. 
EB 
The following proposition is proved by the same argument. 
PROPOSITION 3. Suppose that in A all the weakly compact subsets are 
simple. Then, if E is weakly sequentially complete, every weak bounded multiplier 
A-basis for E is a A-basis for the Lackey topology on E. 
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Remark. Kothe proved in [12] that if A is a Frechet space or a (DF)-space, 
A is nuclear if and only if every bounded subset of A is simple. This gives: 
PROPOSITION 4. Suppose A is a nuclear Frechet space or a (DF)-space. 
Then : 
(i) If E is barreled and weakly sequentially complete, every weak A-basis 
for E is a A-absolute basis. 
(ii) If E s’s weakly sequentially complete, every bounded multiplier weak 
A-basis for E is a A-basis for the Lackey topology on E. 
4. DUALITY THEORY 
PROPOSITION 1. Suppose A C Il. If E has a A-absolute shrinking basis (xi), 
then E is semireflexive. 
Proof. We show that the basis (xi) is boundedly complete. Then by Cook’s 
Theorem [2], E will be semireflexive. 
Suppose that the sequence (& aixi),, is bounded in E, take p E B and 
fi E AX. Then there exists q E 9 such that 
for all x E E. Moreover, there exists a K > 0 such that 
n = 1, 2,.... 
Hence 
f IPi.~iIp(.%)<K, n-1,2,... and i,j/$.c~[p(~~)<s 
i=l 
for all /3 E (1~ and all p E 9. 
This means that the sequence (aip(xi)) is an element of A for all p E 9’ 
and since A C l1 the series xi olixi converges in E. Consequently, the basis (xi) 
is boundedly complete. 
We now investigate the implication: 
(xi) is a A-basis for E * (fi) is a A-basis for E’, 
where on E’ we consider the weak topology u(EI, E), the Mackey topology 
T(E), E) and the strong topology /3(E’, E). 
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PROPOSITION 1. If (xi) is a A-basis for E, then (fi) is a weak A-basis for E’ 
and (fJ is a weak A-absolute basis whenever E is weakly sequentially complete. 
Proof. The proof, which is analogous to the proof of Proposition 3.1, is 
omitted. 
PROPOSITION 2. Suppose that in A all the weakly compact subsets are simple. 
Suppose moreover that E and E’ are weakly sequentially complete and that (xi) 
is a bounded multiplier basis for E. Then (xi) is a A-(absolute) basis for T(E, E’) 
if and only if (fi) is a A-(absolute) basis for E’, T(E’, E). 
Proof. Since (fJ is a Schauder basis for E’, T(E’, E), we still must prove 
that for every weakly compact subset A of E and every a E E’ the sequence 
(k , ai p&)) = (<xi , ai . sup I+, fA) 
XEA 
is an element of A. The proof of this proceeds as for Proposition 3.2 and is 
therefore omitted. 
In the remaining part of this section we will assume that in A all the bounded 
subsets are simple. 
LEMMA. Suppose ED’ is sequentially complete. If E has a A-absolute basis 
(xi) and A C P, th en evmy operator from E to A is an operator of A-type. 
Proof. For every p E 9’ the mapping 
vp: E-t A: s-+ (,<s, fi>p(xi)) 
is continuous. 
Thus, if B C E is bounded, the set v,(B) is bounded in A and by our 
assumption on A we have 
(4 (Pdfi) P(4) = (SUP l<X,fi)I PW> E A c 1’. 
XEB 
If f is an operator from E to A and f(xJ = 01~ = (cY,~), we have 
Since f is continuous and A has the normal topology, we also have 
(4 VP E Ax, 3~ E 9: P&Y”) = 1 1 cqij3,, 1 <p(q), i = 1, 2,... 
n 
and inparticular, for p = e,: 
3q E 9: 1 &,i I < q(xJ, i = 1, 2,.... 
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If now B C E is bounded, then 
Thus, for each n, the series xi mnifi is absolutely convergent in E,’ and we 
can write: 
and it is left to prove that 
E 4%‘). 
n 
Take B C E bounded and /3 E Ax. Then let p E 9 be as in (xx). We then 
obtain 
F I Bn I PB ($ fPni) < 1 C I Bn I I %zi I P,(h) < CO 
II i 
by (x) and (xx). 
PROPOSITION 3. If (i) E’ is weakly sequentially complete and (xi) is a 
shrinking A-basis for E; OY if (ii) Ee’ is sequentially complete, A C I1 and .(xi) 
is a A-absolute basis for E, then (fJ is a A-basis for EB’. 
Proof. (i) is proved in the same way as Proposition 2. 
(ii) For all p E 9’ the mapping 
~9: E + A: x + ((X, fi> P(%>) = ((~3 P(xi>fi>) 
is continuous. 
By the lemma, q9 is an operator of A-type. Hence, (p(x,) fi) E A(E,‘), 
which means that for all B C E bounded, the sequence (p(x,)p,((f,)) is an 
element of A. Consequently, ((xi , a) pB(fi)) E A C I1 for all a E E’. This 
proves that the series Ci (xi , a) fi converges in E,’ and that (fi) is a A-basis 
for E,‘. 
COROLLARY 1. Suppose E is rej7exive and has a Schauder basis (xi). Then 
(xi) is a A-(absolute) basis for E ;f and only if (fJ is a A-(absolute) basis for Ee’. 
Proof. This follows immediately from Proposition 3(i) and Proposition 
1.1. 
COROLLARY 2. Suppose A C Il. If E has a A-absolute basis (xi) and Ee’ is 
sequentially complete, then E is semirejexive. 
4Q9/53/3-4 
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Proof. By Proposition 3(ii) the basis (xi) is shrinking. Then apply Proposi- 
tion 1. 
COROLLARY 3. If A C II, then every Frechet space E with a A-basis (xi) is 
nuclear (and hence, is rejlexive). 
Proof. If E is a Frechet space, then E,’ is sequentially complete and every 
(I-basis for E is /l-absolute (Proposition 1.1). Then (fJ is a cl-basis for Ee’ 
(Proposition 3(ii)). Since 11 C P the sequences (xi) and (fi) also are absolute 
bases in E and ED’. Hence, E is nuclear by Pietsch’ theorem (see [16]). 
These last results are valid in particular for /l = LIJLY) and Iz = fltx(or). 
We thus obtain: 
(i) Let E be a Frechet space with a Schauder basis (xi). Then (xi) is a 
&(-)-basis (resp. a /l,X(cr)-basis) for E if and only if (fJ is a cl,,(a)-basis 
(reap. a /1,x(a)-basis) for E,’ (compare [7, Proposition 31). 
(ii) If a Frechet space has a /l,(a)-basis (resp. a n,x(or)-basis) then it is 
nuclear (compare [7, Theorem 21). 
5. A-BASES AND A-NUCLEARITY 
In this section we study the implication: 
E has a A-basis or a (1X-basis =r E or E5’ is A-nuclear. 
PROPOSITION 1. Suppose A is a nuclear Frechet space and A C 1’. Suppose E 
is reflexive and fundamentally A-bounded. If E has a A-basis, then E,’ is 
A-nuclear. 
Proof. It is sufficient to prove (see [5, Proposition 2.31) that every operator 
from E to a Banach space F can be written as 
f(4 = 1 <.T aii yi 
with (a,) E A(E,‘) and ( yi) E Ax[F]. So let f be such an operator. Then for all 
p E 8, there exists a K > 0 such that 
(4 II f (dll < K . PW, i = 1, 2,.... 
Moreover, (‘%x, fi) p(x,)) = (/.r, p(x,) fi) E A. As in the proof of Proposition 
4.3(ii)) we obtain that for all B C E bounded: 
(4 (Pewi) P(%,).E (1. 
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Now 
(taking f(xi)/llf(xi)\l = 0 if f(xJ = 0) where (h IIf E J-G’) by (x) 
and (XX) and with 
This proves the proposition. 
COROLLARY. Under the same conditions on A, if E is a Frechet space with a 
A-basis, then E,’ is A-nuclear. 
Proof. Rosier proves in [20] that (under our assumptions on A) every 
Frechet space is fundamentally A-bounded. 
The following proposition and corollary are proved in the same way: 
PROPOSITION 2. Suppose A is a nuclear Frechet space and Ax C P. Suppose 
E is quasi-barreled and E,’ is fundamentally AX-bounded. If E has a Ax-basis, 
then E is A-nuclear. 
COROLLARY. Under the same assumptions on A, ;f E is a Frechet space with a 
Ax-basis, then E is A-nuclear. 
Applying these results to power series spaces, we obtain: 
(i) If E is a Frechet space with a A,(a)-basis, then E,’ is A,(a)- 
nuclear. 
(ii) If E is a Frechet space with a (1,X(a)-basis then E is A,(a)-nuclear. 
(iii) /1,x(01) is A,(a)-nuclear (cf. [17]). 
(iv) AI(a) is A,(a)-nuclear (cf. [18]). 
(iii) and (iv) follow from (i) and (ii) and the corollary to Proposition 2.2. 
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